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SYMMETRIC BRACKETS ON SKEW-SYMMETRIC ALGEBROIDS
BOGDAN BALCERZAK
Abstract. In this note, we discuss the concept of symmetric brackets on skew-symmetric
algebroids. Given a pseudo-Riemannian metric structure, we describe symmetric brack-
ets induced by connections with totally skew-symmetric torsions in the language of Lie
derivatives and differentials of functions. In particular, we obtain an explicit formula of
the Levi-Civita connection. We present some symmetric brackets on almost Hermitian
manifolds. In particular, we discuss the first canonical Hermitian connection and show
the formula for this connection in the case of nearly Ka¨hler manifold using properties
of symmetric brackets.
1. Introduction
An anchored vector bundle (A, ̺A) over a manifold M is a vector bundle A over M
equipped with a homomorphism of vector bundles ̺A : A→ TM over the identity, which
is called an anchor (cf. [13], [14]). If, additionally, in the space Γ(A) of smooth sections
of A we have R-bilinear skew-symmetric mapping [·, ·] : Γ(A)× Γ(A)→ Γ(A) associated
with the anchor with the following derivation law
(1.1) [X, f · Y ] = f · [X, Y ] + (̺A ◦X)(f) · Y
for X, Y ∈ Γ(A), f ∈ C∞(M), we say that (A, ρA, [·, ·]) is a skew-symmetric alge-
broid over M . The terminology of skew-symmetric algebroid was introduced in [8].
If the anchor preserves [·, ·] and the Lie bracket [·, ·]TM of vector fields on M , i.e.
̺A ◦ [X, Y ] = [̺A ◦X, ̺A ◦ Y ]TM for X, Y ∈ Γ(A), a skew-symmetric algebroid is an
almost Lie algebroid [15]. Any skew-symmetric algebroid in which [·, ·] satisfies the Ja-
cobi identity is a Lie algebroid in the sense of Pradines [16]. However, we recall that
the Leibniz type rule (1.1) and the Jacobi identity imply that the anchor preserves the
brackets. For general theory of Lie algebroids, we refer to the monographs [11], [12].
Given an anchored vector bundle, we can associate a connection. Given a skew-
symmetric algebroid, we can associate connection with a torsion.
An A-connection in a vector bundle E →M is an R-bilinear map ∇ : Γ(A)×Γ(E) →
Γ(E) with the following properties:
∇X+Y (u) = ∇X(u) +∇Y (u),
∇X(u+ w) = ∇X(u) +∇X(w),
∇f ·X(u) = f · ∇X(u),
∇X(f · u) = f · ∇X(u) + (̺A ◦X)(f) · u
for any X, Y ∈ Γ(A), u, w ∈ Γ(E), f ∈ C∞(M).
The torsion of an A-connection ∇ in A is the tensor T∇ ∈ Γ(
∧2
A∗ ⊗ A) defined by
T∇(X, Y ) = ∇XY −∇YX − [X, Y ]
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for X, Y ∈ Γ(A). We say that an A-connection is torsion-free if its torsion equals zero.
Given an A-connection ∇ in A, we associate a symmetric R-bilinear mapping 〈· : ·〉 :
Γ(A)× Γ(A)→ Γ(A), defined for X, Y ∈ Γ(A), by
〈X : Y 〉 = ∇XY +∇YX.
We say that this mapping is a symmetric product induced by ∇. The symmetric product
in the case of tangent bundles was introduced by Crouch [5]. Observe that
(1.2) ∇XY =
1
2
([X, Y ] + 〈X : Y 〉) + 1
2
T∇(X, Y )
and that the symmetric product 〈· : ·〉 satisfies the Leibniz rules. In this paper, we discuss
about symmetric brackets defined as real bilinear symmetric mappings 〈· : ·〉 : Γ(A) ×
Γ(A) → Γ(A) such that 〈X : fY 〉 = f 〈X : Y 〉 + (̺A ◦ X)(f)Y for X, Y ∈ Γ(A). The
identity (1.2) shows now that there is one-to-one correspondence between symmetric
brackets on a given skew-symmetric algebroid (A, ̺A, [·, ·]) and torsion-free A-connections
in this algebroid.
Our first purpose is to determine the symmetric products for connections related
to the (pseudo)metric structure. We give an explicit formula for a metric connection
with totally skew-symmetric torsion, in particular, for the Levi-Civita connection. To
describe these symmetric brackets, we use the Lie derivative and the exterior derivative
operator induced by the structure of the skew-symmetric algebroid and their symmetric
counterparts. We show that the condition for connections with torsions to be compatible
with the metric is that the (alternating) Lie derivative of the metric is equal to the minus
of the symmetric Lie derivative of the metric.
We also consider almost Hermitian structure and define some symmetric brackets
associated with connections that are compatible with the metric structure and the almost
complex structure. We consider two structures of the skew-symmetric algebroid in almost
Hermitian manifold (M, g, J). The first structure is the tangent bundle with the identity
as an anchor and with Lie bracket of vector fields. The second skew-symmetric algebroid
structure is induced by the almost complex structure J , where J is the anchor and the
bracket is associated with the Nijenhuis tensor.
2. Skew-symmetric and symmetric derivative operators
Let (A, ̺A, [·, ·]) be a skew-symmetric algebroid over a manifold M . The substitution
operator
iX : Γ
(⊗k
A∗
)
→ Γ
(⊗k−1
A∗
)
,
for X ∈ Γ(A), is defined by
(iXζ)(X1, . . . , Xk−1) = ζ(X,X1, . . . , Xk−1)
for ζ ∈ Γ(
⊗k A∗), X,X1, . . . , Xk ∈ Γ(A).
The (alternating) Lie derivative LaX : Γ(
⊗k A∗)→ Γ(⊗k A∗) for X ∈ Γ(A) is defined
by
(LaXΩ) (X1, . . . , Xk) = (̺A ◦X)(Ω(X1, . . . , Xk))−
k∑
i=1
Ω(X1, . . . , [X,Xi] , . . . , Xk),
for Ω ∈ Γ(
⊗k A∗), X1, . . . , Xk ∈ Γ(A). Notice that LsX(η) ∈ Γ(∧A∗) if η ∈ Γ(∧A∗).
Moreover, let
∇ : Γ(A)× Γ(A)→ Γ(A)
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be an A-connection in A. We define in A-connection in a classical way the dual bundle
by the following formula
(∇Xω)Y = ̺A(X)(ω(Y ))− ω(∇XY )
for ω ∈ Γ(A∗), X, Y ∈ Γ(A). And next, by the Leibniz rule, we extend this connection
to the A-connection ∇ in the whole tensor bundle
⊗
A∗, which will also be denoted by
∇. Then for ζ ∈ Γ
(⊗k
A∗
)
, X,X1, . . . , Xk ∈ Γ(A),
(∇Xζ)(X1, . . . , Xk) = ̺A(X)(ζ(X1, . . . , Xk))−
k∑
j=1
ζ(X1, . . . ,∇XXj , . . . , Xk).
Now, we define the operator
∇ : Γ
(⊗k
A∗
)
→ Γ
(⊗k+1
A∗
)
by
(∇ζ) (X1, X2 . . . , Xk+1) = (∇X1ζ) (X2, . . . , Xk+1) .
We recall that the exterior derivative operator on the skew-symmetric algebroid
(A, ̺A, [·, ·]) is defined by
(daη) (X1, . . . , Xk+1) =
k+1∑
j=1
(−1)j+1 (ρA ◦Xj)
(
η(X1, . . . X̂j . . . , Xk+1)
)
+
∑
i<j
(−1)i+j η
(
[Xi, Xj ] , X1, . . . X̂i . . . X̂j . . . , Xk+1
)
for η ∈ Γ(
∧k
A∗), X1, . . . , Xk ∈ Γ(A). If the bracket [·, ·] satisfies the Jacobi identity,
da ◦ da = 0. If ∇ be torsion-free for A-connection in A, then da can be written as the
alternation of the operator ∇ (cf. [2]), i.e.,
da = (k + 1) · (Alt ◦∇) on Γ(
∧k A∗),
where Alt is the alternator given by
(Alt ζ) (X1, . . . , Xk) =
1
k!
∑
σ∈Sk
sgn σ ζ
(
Xσ(1), . . . , Xσ(k)
)
for ζ ∈ Γ(
⊗k A∗);
equivalently,
(daη) (X1, . . . , Xk+1) =
k+1∑
j=1
(−1)j+1
(
∇Xjη
)(
X1, . . . X̂j . . . , Xk+1
)
for η ∈ Γ(
∧k
A∗), X1, . . . , Xk ∈ Γ(A).
Here, we recall the classical Cartan’s formulas:
Lemma 2.1. For any X, Y ∈ Γ(A),
(a) LaX = iXd
a + daiX ,
(b) LaXiY − iYL
a
X = i[X,Y ].
Now, let SkA∗ denote the k-th symmetric power of the bundle A∗ and S(A) =
⊕
k≥0
S
kA∗.
In the theory of generalized gradients in the sense of Stein-Weiss (cf. [2]) appears in a
natural way the symmetric derivative operator
ds : Γ(SkA∗)→ Γ(Sk+1A∗)
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being the symmetrization of ∇ up to a constant on the symmetric power bundle,
ds = (k + 1) · (Sym ◦∇) on Γ(SkA∗)
where Sym is the symmetrizer defined by
(Sym ζ) (X1, . . . , Xk) =
1
k!
∑
σ∈Sk
ζ
(
Xσ(1), . . . , Xσ(k)
)
for ζ ∈ Γ(
⊗k A∗).
Equivalently,
(2.1) (dsη) (X1, . . . , Xk+1) =
k+1∑
j=1
(
∇Xjη
)(
X1, . . . X̂j . . . , Xk+1
)
for η ∈ Γ(SkA∗), X1, . . . , Xk+1 ∈ Γ (A). The operator d
s in the case of tangent bundles
was first introduced by Sampson in [17], where a symmetric version of Chern’s theorem
is proved. Next, this operator on tangent bundles was discussed in [7], where a Fro¨licher-
Nijenhuis bracket for vector valued symmetric tensors is also discussed and in [3], where
the Dirac type operator on symetric tensors was considered.
One can check that for η ∈ Γ(SkA∗), X1, . . . , Xk+1 ∈ Γ (A) holds
(dsη) (X1, . . . , Xk+1) =
k+1∑
j=1
(ρA ◦Xj)
(
η(X1, . . . X̂j . . . , Xk+1)
)
−
∑
i<j
η
(
〈Xi : Xj〉 , X1, . . . X̂i . . . X̂j . . . , Xk+1
)
,
where
〈X : Y 〉 = ∇XY +∇YX
for X, Y ∈ Γ (A). So, ds can be described as the Koszul type formula. This shape of ds
in the case A = TM was considered in [7]. The symmetric R-bilinear form
〈· : ·〉 : Γ (A)× Γ (A) −→ Γ (A) , 〈X : Y 〉 = ∇XY +∇YX
is called the symmetric product induced by the A-connection ∇. The symmetric prod-
uct in the case A = TM was first introduced by Crouch in [5]. However, the symmetric
product for Lie algebroids was first considered in the context of control systems by Corte´s
and Mart´ınez in [4]. Observe that
〈X : f · Y 〉 = f · 〈X : Y 〉+ (̺A ◦X) (f) · Y
for all X, Y ∈ Γ (A) and f ∈ C∞(M). Therefore, 〈· : ·〉 satisfies the Leibniz kind rule.
Lewis in [9] gives some interesting geometrical interpretation of the symmetric product
associated with the geodesically invariant property of a distribution. We say that a
smooth distribution D on a manifold M with an affine connection ∇TM is geodesically
invariant if for every geodesic c : I → M satisfying the property c′(s) ∈ Dc(s) for some
s ∈ I, we have c′(s) ∈ Dc(s) for every s ∈ I. Lewis proved in [9] that a distribution D on
a manifold M equipped with an affine connection ∇TM is geodesically invariant if and
only if the symmetric product induced by ∇TM is closed under D.
3. Symmetric bracket. Symmetric Lie derivative
Let (A, ̺A, [·, ·]) be a skew-symmetric algebroid over a manifold M . A symmetric
bracket on the anchored vector bundle (A, ̺A) is an R-bilinear symmetric mapping
〈· : ·〉 : Γ(A)× Γ(A)→ Γ(A)
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satisfying the following Leibniz kind rule:
〈X : fY 〉 = f 〈X : Y 〉+ (̺A ◦X)(f)Y
for X, Y ∈ Γ(A), f ∈ C∞(M).
Let us assume that the skew-symmetric algebroid (A, ̺A, [·, ·]) is equipped with a
symmetric bracket 〈· : ·〉 : Γ(A)× Γ(A)→ Γ(A).
The symmetric derivative operator ds : Γ(SkA∗) → Γ(Sk+1A∗) on symmetric power
bundle S(A) for η ∈ Γ(SkA∗), X1, . . . , Xk+1 ∈ Γ (A) is defined by
(dsη) (X1, . . . , Xk+1) =
k+1∑
j=1
(ρA ◦Xj)
(
η(X1, . . . X̂j . . . , Xk+1)
)
−
∑
i<j
η
(
〈Xi : Xj〉 , X1, . . . X̂i . . . X̂j . . . , Xk+1
)
.
Next, we extend this operator to the whole tensor algebra by the formula
ds : Γ(
⊗k
A∗)→ Γ(
⊗k+1
A∗),
(dsΩ) (X1, . . . , Xk+1) =
k+1∑
j=1
(ρA ◦Xj)
(
Ω(X1, . . . X̂j . . . , Xk+1)
)
−
∑
i<j
Ω
(
X1, . . . X̂i . . . , 〈Xi : Xj〉 , . . . , Xk+1
)
,
for Ω ∈ Γ(
⊗k
A∗), X1, . . . , Xk ∈ Γ(A).
The symmetric Lie derivative LsX : Γ(
⊗k
A∗) → Γ(
⊗k
A∗) for X ∈ Γ(A), is defined
by
(LsXΩ) (X1, . . . , Xk) = (̺A ◦X)(Ω(X1, . . . , Xk))−
k∑
i=1
Ω(X1, . . . , 〈X : Xi〉 , . . . , Xk)
for Ω ∈ Γ(
⊗k
A∗), X1, . . . , Xk ∈ Γ(A). Notice that the image L
s
X(ϕ) of a symmetric
tensor ϕ is also a symmetric tensor.
Next, observe that the symmetric Lie derivative satisfies the following Cartan’s iden-
tities.
Lemma 3.1. For any X, Y ∈ Γ(A),
(a) LsX = iXd
s − dsiX ,
(b) LsXiY − iYL
s
X = i〈X:Y 〉.
Proof. Let X, Y,X1, . . . , Xk ∈ Γ(A) and Ω ∈ Γ(
⊗k
A∗).
Observe that
(iXd
sΩ) (X1, . . . , Xk)
= (̺A ◦X)(Ω(X1, . . . , Xk)) +
k∑
i=1
(̺A ◦Xi)(Ω(X,X1, . . . , X̂i, . . . , Xk))
−
k∑
i=1
Ω(X1, . . . , 〈X : Xi〉 , . . . , Xk)−
k∑
i<j
Ω(X,X1, . . . , X̂i, . . . , 〈Xi : Xj〉 , . . . , Xk)
and
(dsiXΩ) (X1, . . . , Xk)
=
k∑
i=1
(̺A ◦Xi)(Ω(X,X1, . . . , X̂i, . . . , Xk))−
k∑
i<j
Ω(X,X1, . . . , X̂i, . . . , 〈Xi : Xj〉 , . . . , Xk).
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Hence, we obtain (a) in Lemma 3.1.
Moreover,
(LsXiYΩ) (X1, . . . , Xk−1)
= (̺A ◦X)(Ω(Y,X1, . . . , Xk−1))−
k−1∑
i=1
Ω(Y,X1, . . . , 〈X : Xi〉 , . . . , Xk−1)
and
(iYL
s
XΩ) (X1, . . . , Xk−1) = (̺A ◦X)(Ω(Y,X1, . . . , Xk−1))
− Ω(〈X : Y 〉 , X1, . . . , Xk−1)−
k−1∑
i=1
Ω(Y,X1, . . . , 〈X : Xi〉 , . . . , Xk−1),
which give immediately (b) in Lemma 3.1. 
By the definition of the symmetric Lie derivative and properties of differentiations,
we have the following result:
Lemma 3.2. For f ∈ C∞(M), X ∈ Γ(A), ω ∈ Γ(A∗), we have
(a) Lsf ·Xω = f · L
s
Xω − (iXω) · df ,
(b) LsX(f · ω) = f · L
s
Xω + (̺A ◦X)(f) · ω.
4. The symmetric bracket of a skew-symmetric algebroid with
a totally skew-symmetric torsion
Let (A, ̺A, [·, ·]) be a skew-symmetric algebroid over a manifold M equipped with a
pseudo-Riemannian metric g ∈ Γ(S2A∗) in the vector bundle A. The pseudo-Riemannian
metric defines two homomorphism of vector bundles
♭ : A→ A∗,
♯ : A∗ −→ A
by
♭(X) = iXg
and
g(♯(ω), X) = ω(X)
for X ∈ Γ(A), ω ∈ Γ (A∗), respectively. For any X ∈ Γ(A), the 1-form iXg = g(X, ·) will
be denoted, briefly, by X♭.
We say that ∇ is a connection with totally skew-symmetric torsion with respect to a
pseudo-Riemannian metric g if the tensor T g ∈ Γ
(⊗3
A∗
)
given by
T g(X, Y, Z) = g(T∇(X, Y ), Z)
for X, Y, Z ∈ Γ(A), is a 3-form on A, i.e., T g ∈ Γ(
∧3A∗) – cf. [1].
Theorem 4.1. Let X,Z ∈ Γ(A).
Then
g(∇XX,Z) = g(♯(L
a
XX
♭ − 1
2
da(g(X,X)), Z)
−g(T∇(X,Z), X)
+(∇g)(Z,X,X)− 1
2
(dsg)(X,X,Z).
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In particular, if ∇ is a connection with totally skew-symmetric torsion compatible with
g, then
(4.1) ∇XX = ♯(L
a
XX
♭ − 1
2
da(g(X,X)).
Proof. Let X,Z ∈ Γ(A). First, observe that
(dsg)(X,X,Z) = 2(∇g)(X,X,Z) + (∇g)(Z,X,X).
Therefore, we have
(∇g)(Z,X,X)− 1
2
(dsg)(X,X,Z) = 1
2
(∇g)(Z,X,X)− (∇g)(X,X,Z).
Then
1
2
(∇g)(Z,X,X)− (∇g)(X,X,Z)
= (∇Zg)(X,X)− (∇Xg)(X,Z)
= 1
2
̺A(Z)(g(X,X))− g(∇ZX,X)− ̺A(X)(g(X,Z)) + g(∇XX,Z) + g(X,∇XZ)
= 1
2
̺A(Z)(g(X,X)) + g(∇XZ −∇ZX − [X,Z] , X)
−̺A(X)(g(X,Z)) + g([X,Z] , X) + g(∇XX,Z).
Since (
LaXX
♭
)
(Z) = ̺A(X)(X
♭(Z))−X♭([X,Z])
= ̺A(X)(g(X,Z))− g(X, [X,Z])
and
̺A(Z)(g(X,X)) = d
a(g(X,X))(Z) = g(♯(da(g(X,X))), Z),
we have
1
2
(∇g)(Z,X,X)− (∇g)(X,X,Z)
= 1
2
da(g(X,X))(Z) + g(T∇(X,Z), X)−
(
LaXX
♭
)
(Z) + g(∇XX,Z).
Moreover, if ∇ is a metric connection with totally skew-symmetric torsion, then ∇g = 0,
dsg = 0 and
g(T∇(X,Z), X) = −g(T∇(X,X), Z) = 0,
and, in consequence, we obtain (4.1). This completes the proof. 
Applying Theorem 4.1, we have
Theorem 4.2. Let X, Y, Z ∈ Γ(A) and let 〈X : Y 〉 be the symmetric bracket of vector
fields induced by ∇, i.e., 〈X : Y 〉 = ∇XY +∇YX. Then
g(〈X : Y 〉 , Z) = g(♯(LaXY
♭ + LaYX
♭ − da(g(X, Y ))), Z)(4.2)
−g(T∇(X,Z), Y )− g(T∇(Y, Z), X)
+2(∇g)(Z,X, Y )− (dsg)(X, Y, Z).
Proof. Using the following polarization formula
〈X : Y 〉 = ∇X+Y (X + Y )−∇XX −∇Y Y
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and Theorem 4.1, we obtain
〈X : Y 〉 = g(♯(LaX+Y (X + Y )
♭ − 1
2
da(g(X + Y,X + Y )), Z)− g(T∇(X + Y, Z), X + Y )
+(∇g)(Z,X + Y,X + Y )− 1
2
(dsg)(X + Y,X + Y, Z)
−g(♯(LaXX
♭ − 1
2
da(g(X,X)), Z)
+g(T∇(X,Z), X)− (∇g)(Z,X,X) + 1
2
(dsg)(X,X,Z)
−g(♯(LaY Y
♭ − 1
2
da(g(Y, Y ))
+g(T∇(Y, Z), Y )− (∇g)(Z, Y, Y ) + 1
2
(dsg)(Y, Y, Z)
First observe that
LaX+Y (X + Y )
♭ − LaXX
♭ − LaY Y
♭ = LaXY
♭ + LaYX
♭
and
−1
2
da(g(X + Y,X + Y ) + 1
2
da(g(X,X)) + 1
2
da(g(Y, Y ) = −da(g(X, Y )).
Since g is a symmetric tensor and T∇ is skew-symmetric, we conclude that
−g(T∇(X + Y, Z), X + Y ) + g(T∇(X,Z), X) + g(T∇(Y, Z), Y )
is equal to
−g(T∇(X,Z), Y )− g(T∇(Y, Z), X).
Moreover,
(∇g)(Z,X + Y,X + Y )− (∇g)(Z,X,X)− (∇g)(Z, Y, Y ) = 2(∇g)(Z,X, Y )
and
(dsg)(X, Y, Z) = 1
2
(dsg)(X, Y, Z) + 1
2
(dsg)(Y,X, Z)
= 1
2
(dsg)(X + Y,X + Y, Z)− 1
2
(dsg)(X,X,Z)− 1
2
(dsg)(Y, Y, Z).
Hence, it is clear that some summands of 〈X : Y 〉 cancels. This establishes the formula
4.2. 
The formula in Theorem 4.2 gives an explicit formula of symmetric bracket defined
by any metric connection with totally skew-symmetric torsion.
Corollary 4.3. Let ∇ be any metric A-connection in A with totally skew-symmetric
torsion with respect to a pseudo-Riemannian metric g. Then
∇XY +∇YX = ♯(L
a
XY
♭ + LqYX
♭ − da(g(X, Y )).
5. A general metric compatibility condition of connections having
totally skew-symmetric torsion. The Levi-Civita connection
Let (A, ̺A, [·, ·]) be a skew-symmetric algebroid over a manifold M equipped with a
pseudo-Riemannian metric g ∈ Γ(S2A∗) in the vector bundle A and a symmetric bracket
〈· : ·〉 : Γ(A) × Γ(A) → Γ(A). By definition we recall that the symmetric bracket is an
R-bilinear symmetric mapping which satisfies the following Leibniz kind rule:
〈X : fY 〉 = f 〈X : Y 〉+ (̺A ◦X)(f) · Y,
〈fX : Y 〉 = f 〈X : Y 〉+ (̺A ◦ Y )(f) ·X
for X, Y ∈ Γ(A), f ∈ C∞(M).
Given the bundle metric g on A, there is a unique A-connection in A which is torsion-
free and metriccompatible (i.e., T∇ = 0 and ∇g = 0). We call such the A-connection
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the Levi-Civita connection with respect to g. Let Ls and ds denote the symmetric Lie
derivative and the symmetric derivative operator, respectively, and both are induced by
〈· : ·〉.
Theorem 5.1. Let ∇ be any A-connection in A with totally skew-symmetric torsion
with respect to a pseudo-Riemannian metric g on A given by
(5.1) ∇XY =
1
2
([X, Y ] + 〈X : Y 〉) + 1
2
T (X, Y )
for X, Y ∈ Γ(A). Then
(iX ◦ ∇)g =
1
2
(LaX + L
s
X) g
for X ∈ Γ(A).
Proof. Let X, Y, Z ∈ Γ(A). Since T ∈ Γ
(∧2
A∗
)
is a 2-skew-symmetric tensor with the
property that
g(Y, T (X,Z)) = g(T (X,Z), Y ) = −g(T (X, Y ), Z),
we have,
(∇Xg) (Y, Z) = ρA(X)(g(Y, Z))− g(∇XY, Z)− g(Y,∇XZ)
= 1
2
(ρA(X)(g(Y, Z))− g([X, Y ], Z)− g(Y, [X,Z]))
+1
2
(ρA(X)(g(Y, Z))− g(〈X : Y 〉 , Z)− g(Y, 〈X : Z〉))
−1
2
g(T (X, Y ), Z)− 1
2
g(Y, T (X,Z))
= 1
2
(LaXg + L
s
Xg) (Y, Z) + 0.

Hence, we can conclude the following condition on a connection with skew-symmetric
torsion to be a metric connection:
Corollary 5.2. If ∇ is an A-connection with totally skew-symmetric torsion with respect
to g given by (5.1), then ∇ is metric with respect to g if and only if
LaXg = −L
s
Xg
for any X ∈ Γ(A).
Now, we recall some properties of the (skew-symmetric) Lie derivative.
Lemma 5.3. For f ∈ C∞(M), X ∈ Γ(A), ω ∈ Γ(A∗), we have
(a) Laf ·Xω = f · L
a
Xω + (iXω) · df ,
(b) LaX(f · ω) = f · L
a
Xω + (̺A ◦X)(f) · ω.
Theorem 5.4. Given a skew-symmetric algebroid (A, ̺A, [·, ·]), we define
〈X : Y 〉s : Γ(A)× Γ(A)→ Γ(A)
by
(5.2) 〈X : Y 〉s = ♯(LaXY
♭ + LaYX
♭ − da(g(X, Y ))
for X, Y ∈ Γ(A). Then 〈· : ·〉s is a symmetric bracket which defines the symmetric Lie
derivatives Ls satisfying LsXg = −L
a
Xg.
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Proof. It is evident that 〈· : ·〉s is a symmetric and R-bilinear mapping. Let X, Y, Z ∈
Γ(A). Lemma 5.3 now gives
LaX(fY )
♭ = fLaXY
♭ +X(f)Y ♭
and
LafYX
♭ = fLaYX
♭ + g(X, Y )daf.
Since
da(g(X, fY )) = fda(g(X, Y )) + g(X, Y )df,
we conclude that 〈· : ·〉s satisfies the Leibniz rule. In consequence, 〈· : ·〉s is a symmetric
bracket. Observe that
g(〈X : Y 〉s , Z) = (〈X : Y 〉s)
♭
(Z) = (LaXY
♭ + LaYX
♭ − da(g(X, Y ))(Z)
= (̺A ◦X)(g(Y, Z))− g(Y, [X,Z])
+(̺A ◦ Y )(g(X,Z))− g(X, [Y, Z])− (̺A ◦ Z)(g(X, Y )).
Similarly,
g(Y, 〈X : Z〉s) = (̺A ◦X)(g(Y, Z))− g(Z, [X, Y ])
+(̺A ◦ Z)(g(X, Y ))− g(X, [Z, Y ])− (̺A ◦ Y )(g(X,Z)).
Therefore,
(LsXg)(Y, Z) = (̺A ◦X)(g(Y, Z))− g({X, Y }
s
, Z)− g(Y, 〈X : Z〉s)
= g(Y, [X,Z]) + g(X, [Y, Z])
−(̺A ◦X)(g(Y, Z)) + g(Z, [X, Y ]) + g(X, [Z, Y ])
= −(̺A ◦X)(g(Y, Z)) + g([X, Y ] , Z) + g(Y, [X,Z])
+g(X, [Y, Z] + [Z, Y ])
= −(LaXg)(Y, Z) + 0.

Theorem 5.1 now yields
Corollary 5.5. If ∇ is an A-connection in the bundle A with totally skew-symmetric
torsion defined, for X, Y ∈ Γ(A), by
∇XY =
1
2
([X, Y ] + 〈X : Y 〉s) + 1
2
T (X, Y ),
where 〈X : Y 〉s is given in (5.2), then ∇ is compatible with the metric g.
In particular, we can write the Levi-Civita connection explicitly:
Corollary 5.6. The connection defined, for X, Y ∈ Γ(A), by
∇XY =
1
2
([X, Y ] + 〈X : Y 〉s) ,
where
(5.3) 〈X : Y 〉s = ♯(LaXY
♭ + LaYX
♭ − da(g(X, Y )),
is the Levi-Civita connection with respect to g.
Theorem 5.7. The mapping {·, ·}s : Γ(A)× Γ(A)→ Γ(A) defined by
(5.4) {X, Y }s = ♯(LsXY
♭ + LsYX
♭ + ds(g(X, Y ))
for X, Y ∈ Γ(A), is a symmetric bracket in the skew-symmetric algebroid (A, ̺A, [·, ·]).
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Proof. It is obvious that {·, ·}s is a symmetric bilinear mapping over R. Let X, Y ∈ Γ(A)
and f ∈ C∞(M). On account of properties of the symmetric Lie derivatives written in
Lemma 3.2,
LsX(fY )
♭ = fLsX(Y
♭) + (̺A ◦X)(f)Y
♭
and
LsfYX
♭ = fLsYX
♭ − (iYX
♭)df = fLsYX
♭ − g(X, Y )dsf.
Furthermore, since
ds(g(X, fY )) = fds(g(X, Y )) + g(X, Y )dsf,
we immediately conclude that
{X, fY }s = f {X, Y }s + ♯((̺A ◦X)(f)Y
♭) = f {X, Y }+ (̺A ◦X)(f)Y,
and thus, the proof is complete. 
To compare the symmetric brackets 〈· : ·〉s and {·, ·}s given in (5.3) and (5.4), respec-
tively, we note that 〈· : ·〉s is a symmetric product induced by the Levi-Civita connection,
and then, for any X, Y ∈ Γ(A), we have
LsXY
♭ = LsXiY g = iYL
s
Xg + i〈X:Y 〉g = −iY L
a
Xg + i〈X:Y 〉g
= −LaXY
♭ + i[X,Y ]g + i〈X:Y 〉g
since Theorem 5.1 and the Cartan identities for Lie derivatives given in lemmas 2.1–3.1
hold. It follows that
{X, Y }s = 2 〈X : Y 〉 − 〈X : Y 〉s
for X, Y ∈ Γ(A). Note that there is a more general property saying that the affine sum
of symmetric brackets is again a symmetric bracket.
Lemma 5.8. If {·, ·}0 , {·, ·}1 , . . . , {·, ·}n are symmetric brackets in anchored vector bun-
dle (A, ̺A), t1, . . . , tn ∈ C
∞(M), then the affine sum
{·, ·}0,1,...,n =
(
1−
n∑
i=1
ti
)
{·, ·}0 +
n∑
i=1
ti {·, ·}
i
is a symmetric bracket in (A, ̺A).
Theorem 5.9. If {·, ·}s is the symmetric bracket defined in (5.4), then
{X, Y }s = 〈X : Y 〉+ ♯(iXiY d
sg)
for X, Y ∈ Γ(A).
Proof. Let X, Y, Z ∈ Γ(A). Since(
LsXY
♭ + LsYX
♭ + ds(g(X, Y ))
)
(Z)
= (̺A ◦X)(g(Y, Z))− g(Y, 〈X : Z〉)− (̺A ◦ Y )(g(X,Z))− g(X, 〈Y : Z〉)
+(̺A ◦ Z)(g(X, Y ))
= (dsg)(X, Y, Z) + g(Z, 〈X : Y 〉)
= (iX iY (d
sg) + 〈X : Y 〉♭)(Z),
it follows that
{X, Y }s = 〈X : Y 〉+ ♯(iX iY d
sg).

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6. Symmetric brackets on almost Hermitian manifolds
In this chapter, we consider the symmetric brackets induced by structures of almost
Hermitian manifolds. Let (M, g, J) be an almost Hermitian manifold, that is (M, g) is a
2n-dimensional Riemannian manifold admitting an orthogonal almost complex struc-
ture J : TM → TM . Associated to the structures g and J are the Ka¨hler form
Ω ∈ Γ(
∧2
T ∗M) given by
Ω(X, Y ) = g(JX, Y )
for X, Y ∈ Γ(TM) and the Nijenhuis tensor NJ ∈ Γ(
∧2
T ∗M ⊗ TM) of J , which is
defined by
NJ(X, Y ) = J [JX, Y ] + J [X, JY ] + [X, Y ]− [JX, JY ]
for X, Y ∈ Γ(TM). One can observe that for any X, Y ∈ Γ(TM) we have
NJ(X, Y ) = J [[X, Y ]]
J − [JX, JY ]
where
(6.1) [[X, Y ]]J = [JX, Y ] + [X, JY ]− J [X, Y ] .
Theorem 6.1. The tangent bundle together with the almost complex structure J as an
anchor and the mapping [[·, ·]]J given in (6.1) as a skew-symmetric bracket is a skew-
symmetric algebroid.
Proof. Let X, Y ∈ Γ(TM) and f ∈ C∞(M). It is sufficient to observe that
[[X, fY ]]J = [JX, fY ] + [X, fJY ]− J [X, fY ]
= f [[X, Y ]]J + (JX)(f)Y −X(f) (JY )−X(f) (JY )
= f [[X, Y ]]J + (JX)(f)Y.

If NJ = 0, then
[[[[X, Y ]]J , Z]]J = −J [[JX, JY ] , JZ]
for X, Y, Z ∈ Γ(TM). This property gives
Lemma 6.2. If NJ = 0, then Jac[[·,·]]J(X, Y, Z) = −J Jac[·,·](JX, JY, JZ) = 0 for all
X, Y, Z ∈ Γ(TM).
In consequence, we have the following corollary.
Corollary 6.3. If the almost complex structure J is integrable, then the skew-symmetric
algebroid
(
TM, J, [[·, ·]]J
)
is a Lie algebroid over M .
Let da and LaX be the exterior derivative operator and the (alternating) Lie derivative
for the Lie algebroid (TM, IdTM , [·, ·]), respectively, where [·, ·] is the Lie bracket of
vector fields on M . However, let dJ and LJX be the exterior derivative operator and the
Lie derivative for the skew-symmetric algebroid
(
TM, J, [[·, ·]]J
)
, respectively.
Theorem 6.4. Let∇g be the Levi-Civita connection in the Lie algebroid (TM, IdTM , [·, ·])
and let∇J,g be the Levi-Civita connection in the skew-symmetric algebroid
(
TM, J, [[·, ·]]J
)
,
both metric with respect to g. If 〈X : Y 〉 = ∇gXY +∇
g
YX and 〈X : Y 〉
J = ∇J,gX Y +∇
J,g
Y X
for X, Y ∈ Γ(TM), then
(6.2) 〈X : Y 〉J = 〈JX : Y 〉+ 〈X : JY 〉+ ♯
(
〈X : Y 〉♭ ◦ J
)
.
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Proof. Let X, Y ∈ Γ(TM). Corollary 5.6 now yields
〈X : Y 〉J = ♯(LJXY
♭ + LJYX
♭ − dJ(g(X, Y )).
One can check that
LJXY
♭ = LaJXY
♭ + LaX(JY )
♭ + (LaXY
♭) ◦ J.
Moreover, since
dJ(g(X, Y )) = da(g(X, Y )) ◦ J
and
da(g(JX, Y )) + da(g(X, JY )) = 0,
we have (6.2). 
Now, we define some symmetric brackets on almost Hermitian manifolds.
Let (TM, ρ, [·, ·]ρ) be a structure of skew-symmetric algebroid and let 〈· : ·〉ρ be a
symmetric bracket in this algebroid. By definition,
〈X : fY 〉ρ = f 〈X : Y 〉ρ + (ρ ◦X)(f)Y
for X, Y ∈ Γ(TM).
We define two R-bilinear symmetric operators P
ρ
, Q
ρ
: Γ(TM)× Γ(TM)→ Γ(TM),
P
ρ
(X, Y ) = −J ([X, JY ]ρ + [Y, JX ]ρ)
and
Q
ρ
(X, Y ) = −J (〈X : JY 〉ρ + 〈Y : JX〉ρ)
for X, Y ∈ Γ(TM).
Lemma 6.5. For any X, Y ∈ Γ(TM), f ∈ C∞(M), we have
(a) P
ρ
(X, f · Y ) = f · P
ρ
(X, Y ) + (ρ ◦X)(f) · Y + (ρ ◦ JX)(f) · JY,
(b) Q
ρ
(X, f · Y ) = f ·Q
ρ
(X, Y ) + (ρ ◦X)(f) · Y − (ρ ◦ JX)(f) · JY.
Proof. Compute directly,
P
ρ
(X, f · Y ) = −J ([X, f · JY ]ρ + [f · Y, JX ]ρ)
= −J (f · [X, JY ]ρ + (ρ ◦X)(f) · JY + f · [Y, JX ]ρ − (ρ ◦ JX)(f) · Y )
= f · P
ρ
(X, Y ) + (ρ ◦X)(f) · Y + (ρ ◦ JX)(f) · JY
and
Q
ρ
(X, f · Y ) = −J (〈X : f · JY 〉ρ + 〈f · Y : JX〉ρ)
= −J (f · 〈X : JY 〉ρ + (ρ ◦X)(f) · JY + f · 〈Y : JX〉ρ + (ρ ◦ JX)(f) · Y )
= f ·Q
ρ
(X, Y ) + (ρ ◦X)(f) · Y − (ρ ◦ JX)(f) · JY.

In consequence of Lemma 6.5, we immediately get the following results.
Theorem 6.6. The mapping
1
2
(P
ρ
+Q
ρ
)
is a symmetric bracket in the skew-symmetric algebroid (TM, ρ, [·, ·]ρ).
Corollary 6.7. The mapping 〈· : ·〉 : Γ(TM)× Γ(TM)→ Γ(TM) given by
〈X : Y 〉 = −1
2
J
(
[X, JY ] + [Y, JX ] + ♯(LaX(JY )
♭ + LaY (JX)
♭ + LaJXY
♭ + LaJYX
♭)
)
is a symmetric bracket in the Lie algebroid (TM, IdTM , [·, ·]), where [·, ·] is the Lie bracket
of vector fields on M and LaX is the Lie derivative on M .
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Proof. Let da be the exterior derivative on manifold M . Taking ̺ = IdTM in Theorem
6.6 and using Theorem 5.4, we deduce that the following formula
〈X : Y 〉 = −1
2
J ([X, JY ] + [Y, JX ])− 1
2
(J ◦ ♯)(LaX(JY )
♭ + LaJYX
♭ − da(g(X, JY ))
−1
2
(J ◦ ♯)(LaJXY
♭ + LaY (JX)
♭ − da(g(JX, Y )),
defines a symmetric bracket in the tangent bundle with IdTM as an anchor and with the
classical Lie bracket. Since Ω is a skew-symmetric 2-form on M , it follows that
g(X, JY ) + g(JX, Y ) = Ω(Y,X) + Ω(Y,X) = 0.
Therefore
〈X : Y 〉 = −1
2
J ([X, JY ] + [Y, JX ])
−1
2
(J ◦ ♯)(LaX(JY )
♭ + LaY (JX)
♭ + LaJXY
♭ + LaJYX
♭).

It is obvious that the bracket in Corollary 6.7 is a totally symmetric part of the
connection ∇J : Γ(TM)× Γ(TM)→ Γ(TM) defined by
∇JXY = −
1
2
J ([X, JY ] + 〈X : JY 〉) .
Let ∇ be the Levi-Civita connection with respect to g given by
∇XY =
1
2
(
[X, Y ] + 〈X : Y 〉∇
)
.
Now let 〈· : ··〉 = 〈· : ··〉∇. Hence,
∇JXY = −J∇X(JY ).
One can observe that the affine sum
∇ = 1
2
(
∇+∇J
)
of connections ∇ and ∇J is Lichnerowicz’s first canonical Hermitian connection [10],
which is compatible with both the metric structure and the almost complex structure.
This is a direct consequence of properties of ∇ and ∇J given in the following lemma.
Lemma 6.8.
(a) (∇Jg)(X, Y, Z) = (∇g)(X, JY, JZ) for X, Y, Z ∈ Γ(TM).
(b) ∇JJ = −∇J .
Lemma 6.8 now yields
∇Jg = 0, ∇ = 1
2
(
∇+∇J
)
g = 1
2
(
∇g +∇Jg
)
= 0
and
∇J = 1
2
(
∇J +∇JJ
)
= 1
2
(∇J −∇J) = 0.
We will now consider some further properties of ∇J and ∇.
For an A-connection ∇ on A, we define the operators
da∇, d
s
∇ : Γ(
⊗k
T ∗M) → Γ(
⊗k+1
T ∗M)
as the alternation and the symmetrization of ∇, respectively, i.e., for ζ ∈ Γ(
⊗k
T ∗M),
X1, . . . , Xk+1 ∈ Γ(TM), we have
(da∇ζ)(X1, . . . , Xk+1) =
k+1∑
i=1
(−1)i+1 (∇Xiζ) (X1, . . . X̂i . . . , Xk+1)
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and
(ds∇ζ)(X1, . . . , Xk+1) =
k+1∑
i=1
(∇Xiζ) (X1, . . . X̂i . . . , Xk+1).
We say that an almost Hermitian manifold (M, g, J) is nearly Ka¨hler if (∇XJ)Y =
− (∇Y J) Y for X, Y ∈ Γ(TM); cf. [6]. We have the following theorem.
Lemma 6.9. An almost manifold (M, g, J) is nearly Ka¨hler if and only if ds∇J = 0.
Moreover, if (M, g, J) is nearly Ka¨hler, ∇ is a Hermitian connection with totally
skew-symmetric torsion (e.g., cf. [1]).
Now, we compare the symmetric brackets induced by ∇ and by ∇. We will denote
by 〈· : ·〉∇ the symmetric product of ∇.
Theorem 6.10. For X, Y ∈ Γ(TM), we have
J((ds∇J)(X, Y )) = 〈X : Y 〉
∇ − 〈X : Y 〉∇
J
.
Proof. We first observe that
(ds∇J)(X, Y ) = (∇XJ)Y + (∇Y J)X
= ∇X(JY ) +∇Y (JX)− J(∇XY +∇YX)
= ∇X(JY ) +∇Y (JX)− J 〈X : Y 〉
∇ .
From this equality, we obtain
J((ds∇J)(X, Y )) = J∇X(JY ) + J∇Y (JX) + 〈X : Y 〉
∇
= −〈X : Y 〉∇
J
+ 〈X : Y 〉∇ .

Theorem 6.11. For X, Y ∈ Γ(TM), we have
〈X : Y 〉∇ = 〈X : Y 〉∇ − 1
2
J((ds∇J)(X, Y )).
Proof. Since ∇ = 1
2
(
∇+∇J
)
is a affine sum of connections ∇ and ∇J ,
〈X : Y 〉∇ = 1
2
〈X : Y 〉∇ + 1
2
〈X : Y 〉∇
J
.
From this result and Theorem 6.10, we see that
〈X : Y 〉∇ = 1
2
〈X : Y 〉∇ + 1
2
(
〈X : Y 〉∇ − J((ds∇J)(X, Y ))
)
= 〈X : Y 〉∇ − 1
2
J((ds∇J)(X, Y )).

Since ∇ = 1
2
(
∇+∇J
)
and ∇ is torsion-free, we have
T∇ = 1
2
T∇ + 1
2
T∇
J
= 1
2
T∇
J
.
Theorem 6.12. T∇
J
= −J ◦ (da∇J).
Proof. Let X, Y ∈ Γ(TM). Then
(da∇J)(X, Y ) = (∇XJ)Y − (∇Y J)X
= ∇X(JY )−∇Y (JX)− J [X, Y ] .
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Hence,
−J((da∇J)(X, Y )) = −J∇X(JY )− (−J∇Y (JX)) + J
2 [X, Y ]
= ∇JXY −∇
J
YX − [X, Y ] = T
∇J (X, Y ).

Theorem 6.13. For X, Y ∈ Γ(TM), we have
2T∇
J
(X, Y ) = −NJ (X, Y ) + (d
s
∇J)(X, JY )− (d
s
∇J)(JX, Y ).
In particular, if (M, g, J) is nearly Ka¨hler, then
T∇
J
= −1
2
NJ .
Proof. Let X, Y ∈ Γ(TM). Then (e.g., see [1] for the first equality):
−NJ (X, Y ) = (∇XJ)JY − (∇Y J)JX + (∇JXJ)Y − (∇JY J)X
= (∇XJ)JY − (∇Y J)JX − (∇Y J)JX + (d
s
∇J)(JX, Y )
+(∇XJ)JY − (d
s
∇J)(X, JY )
= 2 ((∇XJ)JY − (∇Y J)JX) + (d
s
∇J)(JX, Y )− (d
s
∇J)(X, JY ).
Moreover,
(∇XJ)JY − (∇Y J)JX = −∇X(Y )− J(∇X(JY )) +∇YX + J(∇Y (JX))
= −J(∇X(JY ))− (−J(∇Y (JX)))−∇X(Y ) +∇YX
= ∇JXY −∇
J
YX − [X, Y ] = T
∇J (X, Y ).
It follows that
−NJ (X, Y ) = 2T
∇J (X, Y ) + (ds∇J)(JX, Y )− (d
s
∇J)(X, JY ).

Since ∇ is a totally skew-symmetric connection, Theorem 6.11 now leads to
∇XY =
1
2
(
[X, Y ] + 〈X : Y 〉∇
)
+ 1
2
T∇(X, Y )(6.3)
= 1
2
(
[X, Y ] + 〈X : Y 〉∇ − J((ds∇J)(X, Y ))
)
+ 1
2
T∇(X, Y )
= ∇XY −
1
2
J((ds∇J)(X, Y )) +
1
4
T∇
J
(X, Y ).
Combining (6.3) with Lemma 6.9 and theorems 6.12–6.13, we get the following result:
Corollary 6.14. If (M, g, J) is nearly Ka¨hler, then ds∇J = 0, and, in consequence,
∇ = ∇− 1
4
J ◦ (da∇J) = ∇−
1
8
NJ .
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